We find that applying a theoretical wind mass-loss rate from Monte Carlo radiative transfer models for hydrogen-deficient stars results in significantly more leftover hydrogen following stable mass transfer through Roche-lobe overflow than when we use an extrapolation of an empirical fit for Galactic Wolf-Rayet stars, for which a negligible amount of hydrogen remains in a large set of binary stellar evolution computations. These findings have implications for modelling progenitors of Type Ib and Type IIb supernovae. Most importantly, our study stresses the sensitivity of the stellar evolution models to the assumed mass-loss rates and the need to develop a better theoretical understanding of stellar winds.
INTRODUCTION
A large fraction of massive stars, if not all of them, end their lives as energetic and luminous supernovae (SNe). These core-collapse SNe (CCSNe) are classified according to their observed light curves and spectral features. One of the most conspicuous characteristics for CCSN classification is the presence of hydrogen spectral lines (Filippenko 1997) . Type II SNe are those for which hydrogen is observed, while hydrogen is absent in spectra of Type I SNe (specifically Ib and Ic, for massive stars). A special case of Type II SNe, for which hydrogen spectral features are observed at early stages but later disappear, is termed IIb (e.g. SN 1993J, Nomoto et al. 1993) . Dessart et al. (2011) find, in their modelling, that a total hydrogen mass in the stellar envelope of MH 0.001 M⊙ results in a Type IIb SN rather than a Type Ib. Type Ib and Type IIb CCSNe are thought to arise from similar evolutionary channels which result in a small amount of hydrogen left in the stellar envelope (Yoon, Dessart & Clocchiatti 2017) . Recent studies give priority to binary evolution channels for progenitors of both Type Ib (Yoon 2015) and Type IIb (e.g. Podsiadlowski et al. 1993; Claeys et al. 2011; Soker 2017) , though single-star progenitors are not ruled out (Kotak & Vink 2006; Yoon et al. 2012) . It is noteworthy that the remnant Cassiopeia A, which is agreed to have ⋆ Contact e-mail: agilkis@ast.cam.ac.uk been a Type IIb, contains no remaining companion star (Kochanek 2018; Kerzendorf et al. 2019) .
The basic scenario for Type Ib and Type IIb SNe in binary systems ) is that the primary star expands as it evolves until it fills its Roche lobe, when mass transfer starts owing to Roche-lobe overflow (RLOF) . If the mass transfer is stable it continues until a small amount of hydrogen is left in the envelope of the primary, at which point the star starts to shrink. Further mass loss is through stellar winds 1 . The amount of hydrogen left, if any, depends on the assumed mass-loss rate at this stage. Here we aim to emphasize the importance of the post-RLOF stellar winds, and the associated uncertainties, for the properties of stellar model envelopes and the leftover hydrogen in them.
METHOD
We use the Modules for Experiments in Stellar Astrophysics code (MESA, version 10398, Paxton et al. 2011 , 2013 to evolve binary stars with a metallicity of Z = 0.019 from the main sequence until the end of carbon burning in the core of the primary. This stage is just years before iron core collapse and the properties of the outer parts of the star are not expected to change Table 1 . Initial masses for stellar evolution calculations 0.9 > q > 0.8 0.7 > q > 0.6 0.45 > q > 0.35 12  10  8  5  14  12  9  5  16  14  10  6  19  16  12  7  22  19  14  8  25  22 16 9 (Woosley, Heger & Weaver 2002) . We ran models with initial primary masses of M1/M⊙ ∈ {12, 14, 16, 19, 22, 25}, secondary masses listed in Table 1 and orbital periods of Pi/d ∈ {5, 10, 18, 33, 60, 110, 201, 367, 669, 1219 . Effects related to rotation, such as rotational mixing and tidal synchronization, are not taken into account. This choice was made to concentrate on the effect under study in a simple manner. The following sub-sections detail the main aspects of the stellar modelling and additional technical details on code implementations are in Appendix A. Vink (2017) or Nugis & Lamers (2000) . The mass-loss rate of Vink (2017) , which we herein refer to as V17, is log 10 Ṁ /M⊙ yr −1 = −13.3 + 1.36 log 10 (L/L⊙) + 0.61 log 10 (Zs/0.019) ,
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whereṀ is the mass-loss rate, L is the stellar luminosity and Zs is the metallicity at the photosphere. The mass-loss prescription following Nugis & Lamers (2000) , herein NL00, is log 10 Ṁ /M⊙ yr −1 = −11.0 + 1.29 log 10 (L/L⊙) + 1.7 log 10 (Ys) + 0.5 log 10 (Zs) ,
where Ys is the surface helium abundance. We note that the V17 prescription has no dependence on Ys because this is considered to be unrelated to the physics of the wind driving. The NL00 recipe is based on empirical modelling of observed Wolf-Rayet (WR) stars. Unfortunately only a few stripped stars are known so we cannot rely on empirical rates for lower-mass stripped helium stars as we can for classical WR stars 2 . The one exception could be HD45166 (Groh, Oliveira & Steiner 2008) but this system might have undergone a different evolution from the simple RLOF we model here. There are too few actual measured mass-loss rates for stripped stars (Yoon 2015) to derive a reliable empirical mass-loss rate prescription for helium stars with masses and luminosities lower than those of the classical WR stars. One option to overcome this observational inadequacy is to extrapolate the NL00 recipe towards the regime of lower masses and lower luminosities but the dependencies on helium abundance Ys and total metallicity Zs in NL00 are thought to be unphysical (e.g. Puls, Vink & Najarro 2008) . Extrapolation of the NL00 recipe to a parameter regime for which it was not derived is then of rather limited value.
Vink (2017) makes a pilot study that provides theoretical predictions for stripped helium stars using Monte Carlo models with a fixed effective temperature of 50 000 K. These winds remain optically thin in the simulated parameter range and it remains to be seen whether the winds become optically thicker at higher effective temperatures. A higher effective temperature T eff would imply a smaller star which is more likely to become optically thick so that the mass-loss rate might increase substantially. If the winds were to remain optically thin at higher T eff we would not expect the mass-loss rate to change dramatically unless there is insufficient line opacity at higher T eff or there is an opacity or bi-stability jump, as found for hydrogen-rich stars at lower T eff (Vink, de Koter & Lamers 1999) .
In any case a transition between optically thin stripped helium stars and optically thick WR stars might be expected somewhere in the helium star regime, similar to the mass-loss kink in the hydrogen-rich part of the HertzsprungRussell diagram (Vink et al. 2011; Bestenlehner et al. 2014) . Although more work is needed to cover the entire parameter space and to investigate and scrutinize the accuracy of the Vink (2017) pilot study, we consider the order-of-magnitude lower mass-loss rates provided by this theoretical scheme compared to the simple extrapolations of NL00 to lower masses and luminosities of stripped stars to be more likely to be correct.
Mass transfer by Roche-lobe overflow
The mass-transfer rate by RLOFṀtr is calculated according to the scheme of Kolb & Ritter (1990) . We implement an updated mass-transfer scheme 3 so that the mass-transfer efficiency is limited by the thermal time-scale of the accretor,
where β is the mass transfer efficiency and the thermal timescale is defined by
with R and M the photospheric radius and mass of the primary. In addition our mass transfer efficiency smoothly drops to zero if the radius of the secondary enters the range 0.99 < R2/RL,2 < 1.0, where R2 is the photospheric radius of the secondary and RL,2 is its Roche-lobe radius 4 . Otherwise the mass transfer efficiency is 0.9, though in theory it might also be reduced owing to the spin-up of the secondary (Packet 1981) . Tidal synchronization also affects the orbital evolution in close systems. Our modelling assumptions were chosen to allow for a large range of initial and final conditions to be investigated. For the current purpose, of demonstrating the effect of stellar winds, this is sufficient.
Orbital angular momentum
The orbital separation evolves as angular momentum is lost from the system, affecting the widening of the system and so the occurrence of late mass-transfer episodes. Material lost from the primary in a wind carries away the specific angular momentum of the orbit of the primary. The stellar wind of the secondary also leads to angular momentum loss but less so. Material lost from the system because of inefficient mass transfer, as described in Section 2.2 and Appendix A, carries away the specific angular momentum of the secondary.
Mixing
The Ledoux criterion is applied to define convective regions, in which mixing is according to a mixing-length theory (Henyey, Vardya & Bodenheimer 1965) , with αMLT = 1.5. Semiconvection is according to Langer, Fricke & Sugimoto (1983) , with an efficiency parameter of αsc = 1.0. Overshooting above convective regions is as by Herwig (2000) . We include thermohaline mixing by the method of Kippenhahn, Ruschenplatt & Thomas (1980) .
The dependence of our results on the initial parameters quantitatively changes for different assumptions for the mixing processes. Sukhbold, Woosley & Heger (2018) find that the time a stellar model spends as a blue super giant relative to the time it spends as a red super giant depends on semiconvection so we might expect that, with less efficient semiconvective mixing, stellar models would reach large radii at earlier times, changing the dependence of our results on the initial periods. Augmented overshooting increases the helium core masses. Rotational mixing, which we do not account for, can similarly affect our results. The various mixing processes, as well as the definitions of convective boundaries, can affect the stellar mass-loss rate through the composition dependence in equation (2). Fig. 1 shows several example evolutionary tracks on a Hertzsprung-Russell diagram for an initial primary mass of M1 = 12 M⊙ and a secondary initial mass of M2 = 10 M⊙, several initial orbital periods between 5 and 367 d and the different mass-loss schemes for hydrogen-deficient stars discussed in Section 2.1. For initial periods of Pi 367 d the surface hydrogen abundance remained above 0.4 throughout the evolution. For Pi < 367 d the evolutionary tracks diverge after the surface hydrogen abundance drops below 0.4: models with the NL00 mass-loss rate end with significantly higher effective surface temperatures. The V17 models are cooler and have larger photospheric radii owing to a small but non-negligible amount of hydrogen left in their envelopes, as discussed below. The V17 models with Pi 33 d in Fig. 1 experience a second phase of mass transfer after filling their Roche lobes as helium giants. The V17 models with 60 Pi/d 201 in Fig. 1 are close to filling their Roche lobes. Whether a second phase of mass transfer commences depends on the initial masses and can occur also for initial periods longer than 60 d (see Appendix B) . Hereinafter all models discussed and presented are those for which the surface hydrogen abundance drops below 0.4 during the evolution so that the NL00 and V17 mass-loss prescriptions are switched on. Models with similar characteristics might also result when Xs > 0.4. Fig. 2 shows the final effective surface temperature for all the models which reached carbon depletion with Xs < 0.4 as a function of the total leftover hydrogen mass MH. Almost all models with the NL00 mass-loss rate ended up with virtually no hydrogen left at all, while the models for which the V17 mass-loss rate was used all have MH > 0.0008 M⊙ and most have MH > 0.01 M⊙ at the end. This is because the V17 prescription results in post-RLOF mass-loss rates about an order of magnitude lower than the NL00 prescription.
RESULTS
There are several apparent trends in Fig. 2 . The sequence for lower temperatures is for models with final masses in the range 2.95 < M/M⊙ < 3.41 (helium core masses of 2.92 < Mc/M⊙ < 3.25), the mid-temperature sequence is for models with final masses in the range 3.75 < M/M⊙ < 4.3 (helium core masses of 3.69 < Mc/M⊙ < 4.12) and the sequence at the top is for the higher mass models with 4.74 < M/M⊙ (helium core masses of 4.6 < Mc/M⊙). This is because more massive helium cores are hotter, while an extended envelope above them reduces the effective photospheric temperature. Fig. 3 shows how the luminosity of the final models varies with their effective surface temperature. The NL00 models mostly follow a well-defined sequence, similar to that reported by others (e.g., Yoon et al. 2017) . The V17 models group into several sequences according to their mass. Observational properties of Type IIb progenitors are plotted, with the hotter falling near our V17 models while the cooler probably have slightly more hydrogen in their envelopes. Fig. 4 shows the photospheric radii of the final models as a function of the final stellar mass. The NL00 models mostly follow an inverse mass-radius relation, as has been reported for evolved helium stars (e.g., Habets 1986; Yoon et al. 2017) . The V17 models tend to become much more expanded because of their hydrogen envelopes. The sequences of V17 models with a narrow mass range and large range in radii correspond to the trends seen in Fig. 2 and discussed above. All models follow very closely the same massluminosity relation, log 10 (L/L⊙) ≃ 1.6 log 10 (M/M⊙) + 3.9 for 3 M/M⊙ 8, because the small additional mass of hydrogen does not contribute to the output luminosity. Fig. 5 shows the absolute narrow-band visual magnitude Mv of the final models estimated, as by Yoon et al. (2012) , with a bolometric correction of BC = 22.053 − 5.306 log 10 (T eff /K) for T eff > 14 330 K and BC = 0 for T eff 14 330 K. This a rudimentary approximation and is not based on detailed atmosphere models (e.g. Eldridge et al. 2017) . However, it is sufficient to indicate that less radiation is emitted in the narrow visual-band for the hotter models, because almost all the NL00 models have visual magnitudes fainter than −5, while the V17 models are mostly brighter. The lower mass models tend to be even brighter than the WR stars, in terms of Mv, prior to explosion. In some cases, though these are the minority, the sec- ondary is brighter than the primary. These are mostly stars which overflow their Roche-lobe again after a late expansion phase. There are more such cases for the V17 models which expand significantly more than the NL00 models (Fig. 4) .
Further mass transfer by RLOF after the simulation ends is not expected to change the properties of the models as CCSN progenitors very much because the few years until core collapse do not allow for a significant change in the envelope mass, even when it is already quite small. However, some models are already affected by a late mass-transfer phase which begins long before core carbon depletion and is included in the simulation. This has the effect, for example, of limiting the photosphere size to the Roche-lobe radius. To assess the importance of this effect, we evolved the same stars from core helium depletion without companions. The results of these additional runs show that individual cases then expand more and have cooler effective tem- peratures, most notably the systems with initial primary masses of M1 = 12 and 14 M⊙ for which the radius can be an order of magnitude larger and the temperature a factor of 2 lower, but the overall range of stellar properties, such as temperatures and radii, are unchanged. The total mass of hydrogen left in the envelope is affected by the late mass-transfer phase because mass is lost through RLOF as well as by stellar winds. The minimal hydrogen mass for the V17 models, evolved as single stars after core helium depletion, is 0.005 M⊙, somewhat greater than the 0.0008 M⊙ for the models which include the late mass-transfer phase (Fig. 2) . For those with initial masses of M1 = 12 and 14 M⊙, MH > 0.018 M⊙. These modest quantitative differences do not substantially affect our main conclusions.
The mass-transfer rates for models which experience late RLOF are typicallyṀ ≈ 10 −5 × M⊙ yr −1 . This is an order-of-magnitude lower than the rates of about 10 −4 × M⊙ yr −1 given by Tauris, Langer & Podsiadlowski (2015) because they have mass transfer from a helium star onto a less massive neutron star, while in our models the late mass transfer is always from a hydrogen-poor star on to a more massive companion, because the earlier mass-transfer episode inverted the mass ratio 5 . Further details for all our models are given in Appendix B.
SUMMARY AND DISCUSSION
We find that the retention of hydrogen, in the primary of a massive binary system, is highly sensitive to the assumed stellar wind mass-loss rate after RLOF. The two different mass-loss rates used in our study (Nugis & Lamers 2000 and Vink 2017) give rise to potential CCSN progenitors with very different characteristics. Almost all models which employed the NL00 winds lost all of their hydrogen, while models with the V17 mass-loss prescription did not. These results are of course metallicity-dependent because mass loss by line-driven winds depends on the chemical abundances in the photosphere, as is evident from the dependence on Zs in equations (1) and (2).
The evolutionary end points of the V17 models also tended toward lower temperatures, larger photospheric radii and to surface helium abundances covering a wide range up to about 0.9. The NL00 models almost all have a helium surface abundance of Ys 0.98 because no hydrogen is left. Acknowledging the uncertainties in modelling SNe spectra and light curves, we can cautiously say that use of the V17 mass-loss rate instead of the NL00 shifts binary progenitor models for CCSNe over a large initial parameter space from Type Ib to Type IIb. For lower metallicites the mass-loss rate is expected to be smaller so there would be even more SNe of Type IIb relative to SNe of Type Ib, as pointed out by Yoon et al. (2017) .
The V17 models in our study are mostly brighter in the visual than our NL00 models (Fig. 5) . It would also be hard to reconcile the V17 models, which are mostly quite visually bright (low Mv), with the detection limits of Type Ib SNe (Eldridge et al. 2013; McClelland & Eldridge 2016) . It is likely that stripped stars have lower wind mass-loss rates than given by NL00 and, with our experiment with the V17 rate, it seems as if stable mass-transfer leads to more Type IIb SNe than Type Ib SNe but we do not yet have a definitive statement. A statistical analysis is needed to compare binary evolution models with the overall rates of different types of CCSNe (Smith et al. 2011; Graur et al. 2017) .
The absence of known analogues to our suggested hydrogen-poor giant Type IIb SNe progenitors is puzzling. At high temperatures, such as most of our NL00 models, the primary stars can remain hidden by their companions because most of the luminosity is output in the far ultraviolet (Götberg et al. 2018) . Our V17 models with lower mass-loss rates should at some point in their evolution be significantly cooler and more visible. So we would expect to see more such stars in the Milky Way or the Local Group. One relevant example is the helium giant υ Sagittarii (Schoenberner & Drilling 1983; Dudley & Jeffery 1990; Kipper & Klochkova 2012) .
In another set of models we changed the mixing assumptions described in Section 2.4 and the Schwarzschild criterion and step overshooting were used. Several more models with the NL00 prescription in this set retained a hydrogen envelope but these were still the minority. The V17 models were unaffected. This is a consequence of the dependence on the helium fraction in the NL00 prescription. This does not exist in the V17 prescription. While the qualitative results are not affected by the mixing assumptions, quantitatively the rates of Type Ib and Type IIb SNe can change, indicating another sensitivity to an uncertain process which affects stellar modelling.
Our study has further implications for a number of issues.
(i) Sravan, Marchant & Kalogera (2018) find it difficult to account for the rate of Type IIb SNe at solar metallicity. They note that lower mass-loss rates would alleviate the situation. Our findings strongly support this idea, though a rigorous statistical analysis is warranted, specifically to address the impact on Type Ib rates and to compare with observed rates.
(ii) Helium giant stars with final masses in the range 2 < M/M⊙ < 4 have been suggested as possible progenitors of rapidly-fading supernovae (Kleiser, Fuller & Kasen 2018) . Our stellar models share many similarities with those of Kleiser et al. (2018) even when the stars retain some hydrogen. These might also be relevant for rapidly-fading supernovae. Wind mass loss in helium stars is similarly important for electron-capture SNe in binary systems (Tauris et al. 2015; Moriya & Eldridge 2016) .
(iii) The implications for the ionizing radiation provided by massive stars which have lost their envelopes by RLOF need to be assessed (Stanway, Eldridge & Becker 2016; Götberg, de Mink & Groh 2017; Xiao, Stanway & Eldridge 2018 ). Our models with the V17 mass-loss rate reach hot UV-producing regions in the Hertzsprung-Russell diagram during part of their evolution (see Fig. 1 ) but do not get as hot as the models with the NL00 mass-loss rate.
We end by reiterating that the main point of this study is to illustrate the sensitivity of evolutionary models for CCSN progenitors and the need for a sound theoretical understanding of stellar winds.
APPENDIX A: CODE IMPLEMENTATION
Here we list some specific details of the MESA implementation.
The wind mass-loss rate was calculated with the other wind hook in the MESA run star extras.f file. An input parameter (x character ctrl) was used to distinguish between the NL00 and V17 schemes. Except for the hot hydrogen-deficient phase of models which employed the V17 prescription, the mass-loss rate was similar to the Dutch scheme of MESA.
The mass-transfer efficiency was limited according to two criteria. The first is equation (3) which gives
The second criterion is related to the radius of the accretor compared to its Roche-lobe radius. This gives
with f3 (x) = 10 6 2x 3 − 5.97x 2 + 5.94x − 1.97 .
The two criteria are combined as βmax = min (β th , βL, 0.9) .
The enforcement of equation (A4) was made by the function extras binary check model in the MESA run binary extras.f file. Whenever β used for a time step deviates from that calculated by equation (A4) with given M , L, R, R2 and RL,2 at the end of the time step by more than ∆β (chosen as ∆β = 0.001) extras binary check model tells the code to rerun the time step with a different β, chosen in an informed manner. This is iterated until convergence in a similar way to the implicit method of mass transfer described by Paxton et al. (2015) . We note that the mass-transfer rate itselfṀtr is computed explicitly from the stellar parameters at the beginning of the time step. In addition to the mixing described in Section 2.4, the outermost part of the accretor had enhanced mixing, implemented with the other D mix hook. The part for enhanced mixing was chosen as the region defined by 0.99 < m/M2 < 1, where m is the mass coordinate within the accretor and M2 is the total mass of the accretor. In this region the mixing coefficient is set to Dmix,out = 10 20 cm 2 s −1 but only if the star is gaining mass. This mixing enhancement is added because the accretion of material with a composition significantly different from the surface composition of the accretor Table B1 . Initial parameters for which convergence problems arise after reaching Xs < 0.4.
10 33 NL00 22 8 10 V17 Table B2 . Initial parameters for which the evolution headed toward common envelope evolution after reaching Xs < 0.4, regardless of the mass-loss recipe employed. causes abrupt changes in the surface opacity and radius, and related quantities. The enhanced mixing ensures a smooth evolution of the secondary during accretion of helium-rich material. Because our focus is on the properties of the primary, which are anyway rather insensitive to the details of the secondary, this modification is of minor importance.
APPENDIX B: STELLAR MODELS
The initial parameters we used give a total of 198 different combinations. Of these 93 never reached a point in their evolution at which Xs < 0.4 and are not discussed or presented (except for the M1 = 12 M⊙, M2 = 10 M⊙, Pi = 367 d track shown in Fig. 1 ). The remaining 105 combinations of initial parameters become 210 separate evolutionary tracks because different mass-loss recipes are used once Xs < 0.4. Of these 3 (listed in Table B1 ) have convergence problems and 14 (listed in Table B2 ) head towards common envelope evolution. The properties of interest for the remaining 193 binary systems modelled are listed in Tables B3-B8 , where fL = (R − RL,1) /RL,1, where RL,1 is the Roche-lobe radius of the primary. The mass-loss rate given in the last column is the sum of the wind mass-loss rate and masstransfer rate by RLOF. The other properties listed in the tables have been defined earlier. These 193 models, all of which reached central carbon depletion, are presented and discussed throughout the paper. The evolution of the primary as a single star after core carbon depletion was continued until iron core collapse for 95 models. The remaining time until core collapse was found to be ∆t 30 yr. For models with M 7 M⊙ at the end of the binary evolution the remaining time closely follows the relation log 10 (∆t/yr) ≃ 2.4985 − 1.8934 log 10 (M/M⊙) ,
where the mass M at core carbon depletion is approximately the helium core mass 6 , because the hydrogen envelope is either of very low mass or non-existent. Models with M 7 M⊙ do not follow equation (B1) and have much shorter time scales, with ∆t < 1 yr for the highest masses. Models with M 3.3 M⊙ did not reach core collapse so we extrapolate with equation (B1) for the model with the lowest mass to a remaining time of ∆t ≈ 48 yr. The range we find for ∆t is similar to the time scales for neon and oxygen burning in the core given by table 1 of Woosley et al. (2002) with an additional delay time of several years between core carbon depletion and neon ignition. This shows that we can expect negligible changes between the end of our binary simulations and terminal iron core collapse. Table B3 . Initial parameters and final properties for stellar evolution calculations with 0.9 > q > 0.8 with the V17 prescription. Table B4 . Initial parameters and final properties for stellar evolution calculations with 0.9 > q > 0.8 with the NL00 prescription. Table B5 . Initial parameters and final properties for stellar evolution calculations with 0.7 > q > 0.6 with the V17 prescription. Table B7 . Initial parameters and final properties for stellar evolution calculations with 0.45 > q > 0.35 with the V17 prescription. 
